In this paper, we generalize Walcher's computation of the open Gromov-Witten invariants of the quintic hypersurface to Fano and Calabi-Yau projective hypersurfaces. Our main tool is the open virtual structure constants. We also propose the generalized mirror transformation for the open Gromov-Witten invariants, some parts of which are proven explicitly. We also discuss possible modification of the multiple covering formula for the case of higher dimensional Calabi-Yau manifolds. The generalized disk invariants for some Calabi-Yau and Fano manifolds are shown and they are certainly integers after re-summation by the modified multiple covering formula. This paper also contains the direct integration method of the period integrals for higher dimensional Calabi-Yau hypersurfaces in the appendix.
Introduction
Topological string theory and mirror symmetry are very powerful tools for attacking problems of enumerative geometry and Gromov-Witten theory. The first successful example is the celebrated work by Candelas et.al. [4] , where the number of rational curves of any degrees in the quintic 3-fold was predicted. The result was rigorously proven later in various mathematical contexts, e.g., [8, 9, 26] by using localization computation [23] . Physically, the number of rational curves (and Gromov-Witten invariants) is related to the topological closed string amplitudes and extension to the open string sector was also initiated by physicists. In particular, the integral invariants related to the open string sector and the multiple covering formula were discussed in [29] . The disk invariants for several non-compact toric Calabi-Yau 3-folds were predicted by using open mirror symmetry [2, 1] , and also by using duality between topological string theory and Chern-Simons theory [24] . The disk invariants are number of holomorphic disks (thus, integer valued) and they are related to genus 0, 1-holed open Gromov-Witten invariants via the multiple covering formula. Earlier attempts to mathematical construction of the open Gromov-Witten invariant are contained in [22, 27, 11] . Recently, the study of open mirror symmetry for compact Calabi-Yau 3-fold showed major breakthrough after appearance of the work by Walcher [34] . In [34] , the disk invariants of the quintic 3-fold were computed by using both localization calculation based on [33] and open mirror symmetry. These results were confirmed mathematically in [30] . After these works, there appeared many related works, e.g., the B-model side analyses [28, 25] , and the so-called off-shell idea [21, 3] . Prediction of the disk invariants for compact Calabi-Yau 3-fold is now widely extended to various cases. For example, the disk invariants for several pfaffian Calabi-Yau varieties were predicted in [32] by using the method of direct integration of the period integrals developed in [6] . As a matter of course, mathematically rigorous construction of the open Gromov-Witten invariant have been tried in many works, e.g., [12, 7, 31] .
Meanwhile, some attempts to foundational understanding of mirror symmetry have been pursued by one of the present authors. In the series of his works, the notions of the virtual structure constant and the generalized mirror transformation were proposed. Roughly speaking, the virtual structure constants are the B-model analogue of the structure constants of small quantum cohomology ring. They were originally defined by certain recursive formulas [5] . After [5] , their relation to the B-model amplitudes and to the differential equation which governs the B-model geometry was clarified [15] . Later, it was observed that they can be evaluated by computing intersection numbers of the moduli space of polynomial maps with two marked points via localization computation [16, 18] . The generalized mirror transformation translates these virtual structure constants into the ordinary structure constants, namely, the Gromov-Witten invariants. It was predicted in [19, 14] and proved mathematically in [13] as an effect of coordinate change of the virtual Gauss-Manin system. It was also shown that these notions are very useful for not only Calabi-Yau manifolds but also Fano and general type manifolds [19, 20] . In [17] , the residue integral representations of Gromov-Witten invariants and the virtual structure constants are effectively used so that we can reduce non-trivial relations coming from mirror symmetry predictions into simple algebraic identities of rational functions.
One of the main objectives of this paper is to extend these notions to the open string sector. Here, let us summarize the geometric settings used in this paper, which is mainly based on the treatment of the disk invariants in [33, 30] . We consider Calabi-Yau (and Fano) manifolds which can be expressed as projective hypersurfaces (or complete intersections). In this paper, we consider the real defining equation, whose coefficients are all real numbers. More precisely, we consider the Fermat-type defining equation,
where k is an odd positive integer. We denote this hypersurface by M k N . We also consider the special Lagrangian submanifold in it, which is defined as a fixed locus of the anti-holomorphic involution:
This locus turns out to be topologically RP k−2 and have discrete Z 2 moduli. In this setting, we compute the Of course, rigorous definition of O h a disk,2d−1 is a hard problem from the point of view of mathematics. In this paper, we proceed by using the following heuristic argument. We expect that the number O h a disk,2d−1 is obtained from integrating out the class e(F 2d−1 ) ∧ ev *
, 2d − 1) (we follow the notations in [30] ).
, the moduli space of stable maps from 1-pointed disk to CP N −1 (the boundary of a disk is mapped to CP N −1 R = RP N −1 and the one marked point is located inside the disk). It is constructed by generalizing the [30] . F 2d−1 is the vector bundle which guarantees that the image of the disk lies inside the hypersurface. By dimensional counting, we can see that O h a disk,2d−1 is non-zero
must be an integer. From this heuristic definition, we can compute O h a disk,2d−1 by generalizing the localization computation given in [34] . We present some explicit formulas to compute O h a disk,2d−1 for low degrees in Section 5. On the other hand, we define the open virtual structure constants, which are the B-model analogue of the open Gromov-Witten invariants. Our formula for the open virtual structure constant can be obtained by simple modification of the residue integral representation of the (closed) virtual structure constants. This modification comes from imitating the evaluation of open Gromov-Witten invariants via the localization computation in [34] . When N = k, i.e., the hypersurface in (1.1) is Calabi-Yau, we can show that the generating function of the open virtual structure constants is obtained from the solutions of Picard-Fichs equation:
We also propose the generalized mirror transformation that relates the open virtual structure constants to O h a disk,2d−1 . The proof of the generalized mirror transformation for low degrees is given in Section 5.
With these results, we perform the B-model computation of O disk,2d−1 and present the numerical results of the corresponding integral disk invariants up to k = 13. We also present some numerical results for CalabiYau complete intersections and Fano hypersurfaces. Furthermore, we discuss the direct integration method of the period integrals and the chain integrals, which is a natural extension of the method discussed in [6, 32] to higher dimensional cases. We think that our B-model computation of the disk invariants of higher dimensional Calabi-Yau manifold is new both in physics and mathematics.
Organization of this paper is the following. First, in Section 2, we focus on the B-model side and propose the closed formula of the generating function of O h k−3 2 disk,2d−1 for Calabi-Yau hypersurfaces, which is written in terms of the ordinary virtual structure constants and the solution of the inhomogeneous Picard-Fuchs equation. In Section 3, the definition of the open virtual structure constants are presented and its relation to the arguments in Section 2 is discussed. We also propose the generalized mirror transformation for the open Gromov-Witten invariants of M k N . In Section 4, the disk invariants for various Calabi-Yau and Fano hypersurfaces/complete intersections are exhibited. In Calabi-Yau cases, these invariants are obtained by adopting the formulas developed in the previous sections and the modified multiple covering formula. In Section 5, we introduce the residue integral representation of the open Gromov-Witten invariants and prove the generalized mirror transformation proposed in Section 3 up to degree 5 explicitly. Appendix A is devoted to discussions of the direct integration method of the period integrals and the chain integrals, by which we can compute the fundamental period and the domainwall tension for Calabi-Yau projective hypersurfaces.
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B-model Computation
In this section, we present a conjecture that generalizes Walcher's computation of the disk invariants (genus 0, 1-holed open Gromov-Witten invariants) of the quintic hypersurface in CP 4 to the degree k Calabi-Yau
In this paper, we assume that the positive integer k always takes odd value. First, we introduce the virtual structure constantsL
, which was introduced in [15] . It is determined by the following equation:
is the generating function ofL
is an arbitrary function with adequate differentiable property. We can constructL k,k n (e x ) that satisfies (2.4) from the solutions of the differential equation:
Linearly independent solutions of (2.6) around x = −∞ are explicitly given by w j (x) (j = 0, 1, 2, · · ·, k − 2):
is inductively determined by the following relation 1 :
For later use, we also introduce the residue integral representation [18] of the virtual structure constantL
where
is a polynomial in z and w, which is given by,
Note that, instead of (2.10), it is possible to use the following rather complicated rational function:
Using (2.11), we can write down an alternate residue integral representation ofL 12) where OP d is the set of ordered partitions of the positive integer d:
(2.13)
dz means operation of taking residue at z = 0. Since we can derive (2.12) from (2.9) by taking residues at z i = zi−1+zi+1 2 first, the resultingL
is completely the same. See [18] for detailed derivation. In 1 In (2.8), we need to use formally w k−1 (x) to determineL
(e x ) though it is not a solution of (2.6).
this paper, we choose the simpler formula (2.9). The formula (2.12) is needed when we consider the open string modification of the virtual structure constants. Next, we introduce the function:
that satisfies the inhomogeneous version of (2.6) as follows:
where C is some constant. This kind of inhomogeneity was first considered in [34] and precise value of the constant for the quintic 3-fold case was determined in [28] . Further discussions are contained in [25] . An alternative method to obtain (2.14) was proposed in [6, 32] . In Appendix A, we discuss this method and apply it to the higher dimensional cases. With this set-up, we introduce the following function:
.
(2.16)
Conjecture 1 By using the mirror map used in the mirror computation of M k k : 
Here, x(t) is the inverse map of (2.17).
Open Virtual Structure Constants
In this section, we consider the open Gromov-Witten invariants for M k N . First, we briefly explain how we reached Conjecture 1. It is based on the A-model computation of the open Gromov-Witten invariants. We introduce here the following rational function in z for positive integer d:
By using (3.19), we define the open virtual structure constant as follows.
where Ci means taking residues at z i = 0,
We integrate the variable z i in ascending order of the subscript i.
Let us explain the geometrical meaning of the formula (3.20) . In [34] , 0-point open Gromov-Witten invariant of degree 2d − 1 of the quintic hypersurface in CP 4 is evaluated by integrating out the square root of the class
R , 2d − 1) (we follow the notation in [30] ). In our case, instead of considering 0-point invariants, we evaluate 1-point invariants O h a disk,2d−1 by integrating out the class e( 
, the moduli space of stable maps. By applying the localization theorem, it is explicitly given by the following formula.
In the last line of (3.21),
has the same meaning as the one in (2.9). With this formula in mind, we consider the open string analogue of
, the moduli space of polynomial maps with Z 2 symmetry compatible with the anti-holomorphic involution of CP N −1 . By modifying the localization method used in [16] according to the discussion given in [30] , we propose the following definition of w
, where modification is just to set −w = z = z 0 , to take square root and to multiply the factor . The factor 1 (
in (3.22) comes from the equality:
We can reduce the formula (3.22) to (3.20) by using the same trick which reduces the formula (2.12) to (2.9). The resulting formula (3.20) can be interpreted as the sum of the contributions associated with the graph in Figure 2 2 . Now, let us present a key theorem that leads us to Conjecture 1. 
the following equality holds. c
proof ) First, we introduce the following function.
Then it is enough for us to show the following equality.
(e
First, we compute 1 2
). The coefficient of e
At this stage, we can rewrite the product of two residue integrals into one residue integral if l = 0, j = 0.
This equality leads us to,
Therefore, we have the following equality.
1 2
Next step goes in the same way as this step. In sum, each step changes one z m in the last factor of (3.31) into z 0 and makes the factor 1 2(d−m)−1 . Therefore, we obtain the following equality.
We can easily see that the summands corresponding to m > 0 vanish from power counting of the variable z 0 , and we have,
This equality completes the proof. 2 w [14] . To write down the formula, we introduce the partition σ d of positive integer d, 34) and the symmetric factor:
where mul(i, σ d ) is multiplicity of i in σ d . With this set-up, the formula of the generalized mirror transformation of disk amplitude is given as follows.
Conjecture 2 (Generalized Mirror Transformation for Open Gromov-Witten invariants)
is given by (3.21).
In Section 5, we prove (3.36) up to 2d − 1 = 5. This formula includes multi-point open Gromov-Witten invariant
, 2d− 1). In this case, all the n marked points are located inside the disk. For lower degrees, we can compute n i=1 O h a i disk,2d−1 by localization computation. In Section 5, we present explicit formulas to compute it up to 2d − 1 = 5.
If N = k, we can use the Kähler equation for the open Gromov-Witten invariants:
that can be easily verified by localization computation. Then (3.36) implies,
where 
is integer and k is odd, we have the following equality.
Here, we used the following equality: 
Numerical Data
In this section, we present the numerical data predicted by Conjectures in Section 2 and Section 3. We display the disk invariants for several hypersurfaces and complete intersections. The formulas for complete intersections can be obtained by straightforward extension of those of hypersurfaces. As is shown below, we certainly obtain integral invariants after re-summation by the (modified) multiple covering formula. Integral property of these invariants supports validity of our formalisms.
Multiple Covering Formula for Calabi-Yau Hypersurfaces
The multiple covering formula of the open Gromov-Witten invariants for Calabi-Yau 3-folds was first given in the context of BPS states counting [29] . The formula relevant to the case of 1-point function has the following form: Let q = e t , where t is Kähler moduli parameter in the A-model. Then,
Here, summation with respect to d and l are taken for all positive integers. n 2d−1 is the disk invariant of Calabi-Yau 3-fold of degree 2d − 1 and is conjectured to be an integer. Interestingly, we observe that the multiple covering formula is modified for the higher dimensional cases. For 2D + 3 (D = 1, 2, 3, ...) dimensional cases, we conjecture that the multiple covering formula have the following form:
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are evaluated from the formulas (5.52) in Section 5 as follows.
With these data, we can confirm (3.41) in this case explicitly. The corresponding open virtual structure constants are given as follows.
To confirm (3.36) numerically, we prepare the following data evaluated from the formulas (5.52) in Section 5 and (3.21) . 
where a is a non-negative integer. Our formulas to compute the open Gromov-Witten invariants up to d = 5 are given as follows.
case is given by sum of the following residue integrals associated with graphs in Figure 3 .
In the above formulas, we take the residue integrals in ascending order of the subscript i of z i . 
proof ) The case of d = 1 is trivial. We only prove the case of 2d−1 = 5. The proof for the case of 2d−1 = 3 goes in the same way. First, we rewrite the second term of the R.
we can rewrite product of two residue integrals into one residue integral by using the same trick as was used in the proof of Theorem 1. Hence we obtain,
Next, we rewrite the third term,
(5.58)
Finally, we rewrite the last term, On the other hand, O h a disk,5 is given by,
Therefore, the theorem follows from the following elementary identities.
Remark 2 The process of computation in the proof of Theorem 2 can be represented by using graphs as is shown in Figure 4 and Figure 5 . In these figures, the parts corresponding to O h a 
A Direct Integration of the Period Integral
In this appendix, we compute the period integrals of Calabi-Yau projective hypersurfaces by using (the generalized version of) the method developed in [6, 32] . Let P be the defining equation of W k k (the mirror partner of M k k ):
Now we restrict our attention to the odd degree cases, k = 2m + 1 (m ∈ Z ≥2 ), just as assumed throughout the paper. We refer [10] for the (closed) mirror symmetry of higher dimensional Calabi-Yau manifolds. First, let us remember that the number of the complex structure moduli of W 
In the projective hypersurface cases, the holomorphic (
.. ∧ dX k and γ is the small tube around the locus {P = 0}. It is known that these periods are solutions of the Picard-Fuchs equation (2.6).
In the context of the B-model side of open mirror symmetry, the following integral over
is important:
In this Appendix, we call (A.64) the domainwall tension for the physical reason [34, 29] . The boundaries of (k − 2)-chain Γ k−2 are the locus of B-brane. Mathematically, the formula of the domainwall tension (A.64) is known as the normal function [28] . In our case, we take the following two boundaries ((k − 3)-dimensional cycles) by generalizing the situation appearing in [28] . First, we take (k − 2)-hyperplanes, Q 1 , ..., Q k−2 , as follows:
Then we consider the complete intersection of W k k and Q i :
Boundaries are defined by two irreducible components C ± : {X
3 For the mirror quintic case (k = 5), it was observed that the above integral (A.64) is a solution of the inhomogeneous version of the Picard-Fuchs equations [34] and the inhomogeneous term was computed in [28] . An alternative method to evaluate the integral (A.64) directly was developed [6] and applied to the pfaffian cases [32] . In the following, this direct integration method is generalized and applied to higher dimensional Calabi-Yau hypersurfaces.
First of all, we take local coordinates (T,
, W ) on the patch {X 1 = 1} as follows 4 :
,(A.67)
The W coordinate is introduced by
The form of W is chosen for later use and the phase factor is ignored. Intuitively, Y 1 , ..., Y k−3 2 parametrize local coordinates on C ± , T and W are the coordinates which are longitudinal to C ± , and ζ 1 , ..., ζ k−3 2 are polar coordinates around C ± . These local coordinates are useful since after Y i -integrations the period integral is factorized with respect to the remaining local coordinates. In the following, we will see this explicitly.
The defining equation in the new coordinates becomes
where we introduce a symbol f (ζ) := ζ k + ζ −k for simplicity. In the second equality, we rewrite the formula by m ∈ Z ≥0 that obeys k = 2m + 1 and the genuine moduli z := 1 (kψ) k . The (normalized) period integrals in the new coordinates can be expressed by
The pre-factor is chosen by the usual convention. symbolically means the integrals including both over (k − 2)-cycles (or chain), and with respect to γ. All of them are performed as certain residue integrations. The difference between the fundamental period and the domainwall tension will be explained later. Now, we perform Y i -integrals by picking up suitable poles. First we perform Y 1 -integration. We regard P as the degree m polynomial with respect to Y 1 as follows:
(A.74) Near the large complex structure limit z = 0, we can consider the following expansion:
In the final equality, we perform an analytic continuation of the sum with respect to n to the residue integral with respect to complex number s, where the s-integral is performed by a contour encircling the non-negative real axis. We expect that possible divergences can be avoided by this prescription. We can perform The remaining task is to compute the remaining integrals individually. We proposed the following simple prescription in [6, 32] : For the fundamental period w 0 (the unique period which is regular under expansion around z = 0), we choose contour integrals for all integrals, and for the domainwall tension T , we choose a line integral for W -integral and contour integrals for the other integrals. More precisely, in the present situation, we take the following integral paths according to the orbifold structure. For the fundamental period, the path of the ζ-integral is ζ = e iφ (− ), and the path of the W -integration is the contour encircling −1 and 1 one times. For the domainwall tension, we take a line integral from −1 to 1 for the W -integral (note that B-brane is expressed by W = ±1) and the other integrals is performed by the same paths as those of the fundamental period. Moreover, the tension of the domainwall between two branes C + and C − is expressed by two parts (contributions from C + and C − ) as follows: 
